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Scaling Aerooptic Aberrations Produced
by High-Subsonic-Mach Shear Layers

Edward J. Fitzgerald¤ and Eric J. Jumper†

University of Notre Dame, Notre Dame, Indiana 46556

An index-of-refraction model has been shown to produce a reasonable estimate of the aerooptical aberrations
measured in a weakly compressible shear layer. This numerical model is a valuable tool both for its insight into
the cause of the aberrations and as a source of the parametric data needed to explore and evaluate scaling laws.
Scaling relations are developed that describe how the expected aerooptical distortion due to propagation through
a free shear layer changes with altitude, that is, static pressure, and/or static temperature. Scaling laws for two
cases are developed. In the � rst case, the Mach numbers of the shear layer’s constituent � ows are held constant.
For the second case, the shear layer’s constituent � ow velocities are instead held constant. The parametric data
are also used to evaluate a scaling law suggested by the literature.

Nomenclature
I = maximum far-� eld irradiance for aberrated system
I0 = diffraction-limited,on-axis irradiance
M = Mach number
n = index of refraction
OPL = (instantaneous) spatial average optical path length

across aperture
p = static pressure
q = dynamic pressure
R = ideal gas constant
SR = time-averaged Strehl ratio
T = temperature
t = time
U = shear-layer freestream velocity
Ucn = shear-layer convection velocity, .U1 C U2/=2
u = x-velocity component
v = y-velocity component
x = streamwise distance
y = cross-stream/optical propagation distance
y1, y2 = beam propagation starting, ending points

(numerical optics)
° = ratio of speci� c heats
1t = numerical time step
1x = discrete-vortexnumerical method (DVM) vortex

convection distance in time 1t
±i = initial DVM vortex core diameter
¸ = wavelength of optical beam
½ = density
¾ = ½=½sl

¾ 2
8 = time-/space-averagedoptical-phasevariance

Subscripts

m = known value at a known test condition
new = value at desired condition
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sl = standard day, sea-level condition
0 = stagnation property
1 = property of shear-layer high-speed stream
2 = property of shear-layer low-speed stream
1 = freestream property

Superscript

¤ = normalized by value at q1 of 19.25 kPa

Introduction

T HE transmissionof a collimatedbeam of light througha turbu-
lent, variable index-of-refraction� ow (caused by temperature

or density variations, for example) produces a time-varying, opti-
cal distortion on the beam’s previously planar wave front. When
the depth of the turbulent region is on the same order as the beam
aperture or less, the phenomenon is termed “aerooptics.”1 Optical
aberrations are typically measured in terms of the variation in the
beam’s optical path length (OPL) as it traverses the � ow. The in-
stantaneous, one-dimensionalOPL is de� ned by2

OPL .x; t/ D
Z y2

y1

n.x; y; t/ dy (1)

In practice, rather than measuringan absoluteOPL, only the relative
difference in OPL across the aperture, or optical path difference
(OPD), is important. OPD is de� ned as

OPD .x; t/ D OPL .x; t/ ¡ OPL .t/ (2)

Aerooptical � ow� elds are usually associated with propagation
through turbulent shear and boundary layers. Missiles with opti-
cal seekers,airbornetelescopes,airbornefree-spacecommunication
systems, and airbornelaserweapon systems, for example,must look
throughcompressibleshearand/or boundarylayers.For systemslike
these, aerooptical aberrations translate directly into reductions in
system performance. Through the mid-1980s, the design approach
was to attempt to estimate the rms degradation and develop a sys-
tem that could accept these losses.3 The measure of merit for these
systems is the Strehl ratio (SR), de� ned as

SR .t/ D I .t/=I0 (3)

According to the large-aperture approximation, an estimate of the
time-averaged SR is given by4

SR D exp
¡
¡¾ 2

8

¢
(4)

The phase variance is essentially the normalized OPD variance:

¾ 2
8 ´ .2¼ OPDrms=¸/2 (5)

The researchcommunity is consideringthe possibilityof improv-
ing an airborne optical system’s performance either by modifying
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Compressible shear layer8

Incompressible, heated planar jet9

Fig. 1 Space-time representation of optical wavefront aberrations for
two experimental � ow� elds.

the � ow� eld to reduce the distortion5 or by applying a real-time
correction using adaptive optics.6 Practical realities in basic and
applied research limit the types and number of ground and � ight
tests that can be performed to measure aerooptical distortions for a
given � ight condition. Thus, a means of rationally scaling optical-
aberration data obtained at one � ight condition to predict the cor-
respondingaberrations (and their spatial and temporal frequencies)
at another (untested) condition is clearly of value.

The promise of successful scaling relations was suggestedby re-
cently obtained, time-resolved,time-seriesmeasurementsof optical
wave fronts. These wave fronts were produced by a 0.8 Mach, two-
dimensional shear layer in a facility located at Arnold Engineering
Development Center (AEDC). The measurements were performed
by Hugo et al.7 and were reexamined by the present authors.8 In
both papers, it was found that the compressibleshear layer gave rise
to wave fronts with coherent-structure-produced peaks and valleys
similar to thosemeasured in Hugo and Jumper’s 7-m/s heatedplanar
jet9; this similarity is clearly seen in Fig. 1. These results suggest
that even low-speed, laboratory � ow produced optical distortions
might be scalable, although the causes of the optical aberrations in
the two � ows were different. Rather than scaling aberrations pro-
duced by the mixing of index-of-refractionmismatched � uids like
those of Ref. 9, the present paper considers the scaling of optical
aberrationscaused by velocity � uctuations in weakly compressible,
high-subsonic-Mach� ows. Such weakly compressible � ows occur
on subsonicairborneplatforms,for example,where shear-layercon-
vective Mach numbers are typically less than 0.4.

To develop the desired scaling relations, an understandingof the
mechanism that creates the optical aberrations is necessary. An an-

Fig. 2 Schematic of AEDC facility.12

alytical/numerical simulation of the AEDC shear layer has been
developedby the present authors8;10 and Fitzgerald11 and validated
at the AEDC conditionsby comparison to the experimental results.
At the heart of the simulation is a weakly compressible model.
This model offered the � rst rational explanation for the relatively
large aberrating� elds that would not otherwisehave been suspected
for such low convective Mach numbers. As described hereafter,
this weakly compressible model became a source of the parametric
data needed to explore and evaluate scaling laws. The next sections
brie� y describe the AEDC experiment and the weakly compress-
ible model. Subsequent sections derive and evaluate scaling laws
for shear layers where either the Mach numbers or velocities of the
constituent � ows are held constant while � ight altitude is varied.

AEDC Compressible Shear Layer
The optical wave front measurements in a compressible, two-

dimensional, shear layer referred to before were made in the modi-
� ed Acoustic Research Tunnel located at AEDC.7 The AEDC shear
layer was produced from a »0:8 Mach high-speed � ow mixing
with a »0:1 Mach low-speed � ow as shown schematicallyin Fig. 2.
For these tests, the unit Reynolds numbers for the slow and fast
streams were 1:4 £ 106 and 12:7 £ 106/m, respectively. Because
each stream was supplied from a common plenum, they shared a
common total temperature, T0 ¼ 27±C. The static pressure across
the shear layer was constant and equal to the stream-matched static
pressure, p1 ¼ 60:8 kPa (Ref. 12). These � ow conditions can prop-
erly be classi� ed as only weakly compressible.13 Hugo et al.7 used
the small-aperture beam technique14 to measure wave fronts of an
optical beam projected normal to the splitter plate. A more detailed
description of the facility is given in Ref. 12.

Weakly Compressible Model
The weakly compressible index-of-refraction model used a

discrete-vortexnumericalmethod (DVM) to providea � rst-orderes-
timate of the time-varyingvelocity � eld. The simulation conditions
and optical aperture position corresponded to those of the AEDC
facility and station 2 (Fig. 2), respectively.The velocity-�eld time-
series output by the DVM was then used as an input to the weakly
compressiblemodel that determinedthe correspondingdensity � eld
½.x; y; t/. The wave front aberrations (OPDs) that would be pro-
duced by propagating an optical beam through the instantaneous
density, that is, n, � elds were then computed.

The weakly compressible model incorporated three mecha-
nisms. An adiabatic heating/cooling mechanism, consistent with
Morkovin’s strong Reynolds analogy15 (see also Ref. 13), provided
an initial estimate of the instantaneous T and ½ � elds. A mechani-
cal balance mechanism was then used to determine the (signi� cant)
static pressure � uctuations; that is, the pressure � eld required to
produce the curved streamlines computed by the DVM was de-
termined by iteratively integrating the two-dimensional, unsteady
Euler equations:
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Fig. 3 Optical wavefront aberrationsatAEDC conditions( » 4.115km,
+4±C hot day); weakly compressible model: 20-cm aperture, AEDC
station 2, initial ±i/2 = 8.626 mm.

Fig. 4 Optical wavefront aberrationsatAEDC conditions( » 4.115km,
+4±C hot day); weakly compressible model: 5-cm aperture, AEDC sta-
tion 2, initial ±i/2 = 8.626 mm.

Finally, a Rancque–Hilsch total-temperature-separationmechanism
was modeled by iterating on the static temperature � eld based on
the p.x; y; t/ resulting from the solution of Eqs. (6) and (7). The
weakly compressiblemodel is detailed in Refs. 10 and 11. Note that,
of the three mechanisms, it was the mechanical-balancemechanism
that had been generally neglected in the literature by adaptation of
Morkovin’s analogy (see Refs. 16 and 17). Signi� cant pressure� uc-
tuationshavebeen measured in a 0.45 Mach jet � ow,18 however, and
have been apparent in several numerical studies.19¡22 This mecha-
nism was the key, � nally, to presenting a rational explanation for a
weakly compressible shear layer’s aberrating effects.

The OPDs resulting from the weakly compressible model were
in good agreement with those measured at AEDC. The best agree-
ment was obtained for the DVM case run with ±i=2 D 8:626 mm
(corresponding to a splitter-plate turbulent boundary-layer thick-
ness of 14.7 mm). The model’s data for this case have been
shown to agree closely with the AEDC test data, well within
the 12% uncertainty of the test data themselves.8 The resulting
wave fronts for the ±i=2 D 8:626 mm case are shown for 20- and
5-cm apertures in Figs. 3 and 4, respectively. This case will be
used for all weakly compressible model results presented in this
paper.

Altitude Scaling: Constant Mach Numbers
Examination of the two-dimensional, compressible Euler equa-

tions,Eqs. (6) and (7), suggest the possibilityof a linear relationship
between the density and the pressure-velocity balance. A simple
scaling relation would be to assume a linear relation between the
density altitude and the resulting OPDrms . If this were the case,
the rms wave front distortion measured at a known test condition
OPDrmsm might be scaled to another condition, for example, � ight
altitude, using a relation of the form

OPDrmsnew D OPDrmsm .½new=½m / D OPDrmsm .¾new=¾m/ (8)

Other, equivalent, forms of Eq. (8) can be derived by, for example,
incorporating the ideal gas law.

OPDrms is normally used for determining overall system perfor-
mance estimates [cf. Eqs. (4) and (5)]; however, for applications
such as assessing adaptive optic-correction requirements, the vari-
ation of the instantaneousOPD(x ) with altitude is of interest. Note
that the derivation of Eq. (8) made no speci� c assumptions on the
OPDrms. Therefore, similar derivations could be made for scaling
the instantaneousOPD(x ). One such example is

OPDnew D OPDm.¾new=¾m/ (9)

Also note that all temperatures in Eqs. (8) and (9) are static tem-
peratures. For a compressible shear layer where both streams have
a common T0 , the individual streams will necessarilyhave different
static temperatures. In the present study, the static temperature of
the high-speed stream at each condition was chosen for the pur-
pose of matching density. The rationale for this choice was that the
high- speed stream dominates the compressibility effects. In addi-
tion, this stream’s static temperature at altitude would be that given
by standard atmosphere tables, making it the convenient choice for
back-of-the-envelopescaling estimates.

As will be shown, the scaling relations given by Eqs. (8) and (9)
work extremely well when the desired Mach number is assumed to
match the tested Mach number. A different scaling (described later
in this paper) will be required if the shear layer’s velocitydifference
is to be maintained but at new � ight conditions.

Because the DVM velocity � eld coupled with the weakly com-
pressible model was able to match the measured AEDC OPD
data,8;10;11 it was assumed that the same numerical approach should
predictcorrectOPD estimatesfor a weakly compressibleshear layer
at any other conditions. At each new altitude, new DVM velocity
data were generated for the AEDC-tested Mach numbers. That is,
U1 was set based on the standard-day static temperature T1 for that
altitude. T0 of the two streams then followed from the de� nition23

T0 D T f1 C [.° ¡ 1/=2]M 2g (10)

with M D M1 D 0:8 and T D T1. Because the � ows are total tempera-
ture matched, the low-speed freestream temperature T2 also follows
from Eq. (10) with M D M2 D 0:1. To maintain identicalMach con-
ditions for the two streams, the DVM could have been rerun with
properly scaled shear-layer velocities U1 and U2; however, as will
be shown, as long as the Mach numbers remained the same, the
DVM velocity � eld results needed only to be appropriately scaled,
rather than having to rerun the DVM code.

Velocity Field Scaling
The velocities of the high-speed streams of the shear layer at the

tested AEDC conditions (“measured”) and for the desired case at a
different altitude and/or temperature are given by

U1m D M1m

p
° RT1m (11)

U1 new D M1 new

p
° RT1 new (12)

respectively.Ratioing Eqs. (11) and (12) and holding M1 new D M1m

yields

U1 new=U1m D
p

T1 new=T1m (13)
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From Eq. (10), the ratio of static temperaturesT1 new=T1m is given by

T1 new

T1m
D

»
T0 new

1 C [.° ¡ 1/=2]M2
new

¼ »
1 C [.° ¡ 1/=2]M2

m

T0m

¼
D

T0 new

T0m

(14)

where, in this case, T0 new and T0m are the total temperatures of the
standardday and AEDC conditions(constantaltitude), respectively.
A similar argument can be made for the velocity U2 . Because both
constituent � ows are at the same T0 , the entire velocity � eld at any
time step can be scaled using the factor

p
.T1 new=T1m /. To evaluate

the unsteadyEuler equations[Eqs. (6) and (7)], however, the proper
temporal relations must also be maintained; that is, the DVM’s dis-
crete vorticesmust convect the properdistancesbetween time steps.
This leads to a requirement to scale the time step to maintain the
original convection distances.The convection distance 1xm of one
of the splitter plate vortices, for example, is given by

1xm D Ucn1tm (15)

The scaled time step 1tnew would then be given by

1tnew D 1xm

Ucnnew

D 1xm

Ucn

p
T1 new=T1m

D 1tmp
T1 new=T1m

(16)

where Eq. (15) has been used to make the � nal simpli� cation.
To verify that scaling the DVM velocity � eld was equivalent to

running multiple cases, a test run was performed. The shear layer
velocities and time step were scaled by the factor

r
T1 new

T1m
D

r
216:7K

265:4K
D 0:9036 (17)

(required to maintain a 0.8/0.1 Mach shear layer at 12.192 km)
using Eqs. (13) and (16). Holding all other parameters constant, a
new DVM run was performed for the 12.192-km scaled velocities.
The resultingDVM shear layer is comparedwith an original,AEDC
DVM run in Fig. 5 for a commontime step. If the velocity-/time-step
scaling given by Eqs. (13) and (16) did not hold, the most unstable
frequency and evolution of the shear layers would be different; in
such a case, one would expect very differentshear layers to develop.
After 84 time steps(the codebeganwith an undeformedlayerat time
step number 151), both shear layers have rolled up in exactly the
same way. [The total elapsed time for each shear layer differs by
the factor given by Eq. (17).] This velocity-� eld scaling veri� cation
study is detailed in Ref. 11.

Fig. 5 Effect of scaling shear-layer velocities and time step using
Eqs. (13) and (16): loci of DVM discrete vortex positions for constant
scaling factor (M1 = 0.8, M2 = 0.1, time step = 235, ±i/2 = 34.5 mm).

Altitude Variation Results
The OPDrms to be expected for a 0.8/0.1 Mach shear layer at

different, standard-dayaltitudes (standard atmosphere) can now be
computed using the weakly compressible model. First, the AEDC
DVM velocity results and time steps were appropriatelyscaled with
the temperature ratios corresponding to pressure altitudes between
4.115 km (matching the AEDC freestreampressure) and 12.192 km
using Eqs. (13) and (16). (The importance of the time-step scal-
ing will be evident hereafter.) The new velocity results were then
used to computenew OPDs using the weakly compressiblemodel to
provide the the “true” OPD shown in Fig. 6 as “standard-daycondi-
tions.” (The differencebetween standard-dayand AEDC conditions
at 4.115 km in Fig. 6 is that T1 for the AEDC experiment was 4±C
warmer than standard day at that altitude.24) Equation (8) was then
used directly on the original AEDC OPDs, yielding the curves in
Fig. 6 for the two aperture sizes. A comparisonof the true OPDs and
Eq. (8) scaling to 12.192 km are also shown in Table 1. Figure 6 and
Table 1 illustrate that the simple altitude-scalingrelation of Eq. (8)
correctly models the reduction in overall wave front distortion ex-
pected with increasing altitude (and constant Mach numbers).

An estimate of the corresponding system performance degrada-
tions due to these OPDrms follows from the large-apertureapproxi-
mation of the time-averagedSR [Eq. (4)]. The resultingSR, given a
laser wavelength of ¸ D 1:315 ¹m (the wavelength of the chem-
ical oxygen– iodine laser), is shown in Fig. 7. As expected from
the OPDrms results of Fig. 6, system performance increases with in-
creasingaltitude.The effectof the shear-layer-produceddistortionis
considerable;at the highest altitude (best case), 25–50% of the sys-
tem performance, that is, SR, has been lost. Note that this should be
consideredan optimisticestimate of a system’s overall performance
for at least three reasons. First, it has been shown that the large-
aperture approximationcan underpredict losses caused by coherent
structures.6 Second, the Rancque–Hilsch mechanism was modeled
using an isentropic expansion/compression assumption and tended
to reduce the distortion amplitude10;11; if this mechanism proved
to be less than isentropic,a larger distortionwould result.11 Finally,
also note that the SR prediction includesonly the effect of propaga-
tion through the thin boundary of air over the airborne exit aperture

Table 1 Scaling of OPDrms from AEDC to 12.192 km, standard day
temperature conditions (AEDC Mach numbers maintained), weakly

compressible model results, ±i/2 = 8.626 mm

OPDrms at AEDC AEDC scaled to Numerical
Aperture conditions, 12.192 km solution for Difference,
size, cm ¹m by Eq. (8), ¹m 12.192 km, ¹m %

20 0.4509 0.1712 0.1711 0.076
5 0.2943 0.1117 0.1117 0.058

Fig. 6 Effect of altitude on OPDrms (Mach numbers � xed) as com-
puted by weakly compressible model (symbols) and using Eq. (8) (lines)
(AEDC station 2, ±i/2 = 8.626 mm).
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Fig. 7 Effect of altitude on SR for ¸ = 1.315-¹m light (Mach numbers
� xed) as computed by weakly compressible model (symbols) and using
Eq. (8) (lines) (AEDC station 2, ±i/2 = 8.626 mm).

and does not include all contributors to the overall system reduction
in SR, such as atmospheric turbulence.

The effect of aperture is particularly apparent in Figs. 6 and 7:
increasing the aperture from 5 to 20 cm signi� cantly increased the
time-averaged OPD with a concomitant 30–90% additional reduc-
tion in performance.This suggests that even a fairly crude adaptive-
optic (a mirror with four, 5-cm, segments, for example) has the
potential for a signi� cant improvement in SR.

As noted,becauseno assumptionshavebeenmade aboutOPDrms ,
instantaneous OPDs might also be expected to scale with altitude
by the density ratio given in Eq. (9). To test this hypothesis, an
individual AEDC-condition wave front was scaled to 12.192-km
pressure altitude using Eq. (9) and overlaid on the corresponding
wave front computed using the weakly compressible model on the
appropriatelyscaled DVM velocity � eld (and time step). The result
for the two different test apertures is shown in Fig. 8. As was true
for the rms wave front distortion, the scaled instantaneousAEDC-
condition wave front is in excellent agreement with the wave front
computedby the weakly compressiblemodel. This agreementholds
for both aperture sizes.

The effect of altitude on the instantaneous wave front distortion
can be shown by comparing the results for the AEDC conditions
(Figs. 3 and 4) with those computed at 12.192-km pressure altitude
using the weakly compressible model on the scaled DVM veloc-
ity � eld/time step (holding Mach constant). The 12.192-kmaltitude
results are shown as waterfall plots in Figs. 9 and 10 for the 20-
and 5-cm apertures, respectively. Figures 9 and 10 illustrate that
the amplitude of the optical aberration is signi� cantly reduced at
high altitude, although the spatial shape of the wave front is largely
unchanged. Thus, the designer of an adaptive-opticcorrection sys-
tem might expect little change in the wave front’s spatial frequency
with altitude. The temporal frequencies of the aberrations are also
reduced. This latter effect comes through the time-step scaling of
Eq. (16) and re� ects the velocity reductions required to maintain
constant Mach numbers as the speed of sound drops with altitude.
If the lower-altitude Mach number were suf� cient for the aircraft
� ight at the design (high) altitude, a signi� cant reduction (»11%)
in adaptive-opticupdate rate might be realized over that implied by
the AEDC test results.

Altitude Scaling: Constant Velocity Difference
In the preceding section, it was assumed that the original AEDC

Mach numbers were maintained with increasing altitude. If the ve-
locitydifferencebetweenthe two streamswere insteadheld constant
(i.e., DVM velocity� elds not changed for altitude), then an increase
in altitude would produce a concomitant change in the Mach num-
ber of each stream supplying the shear layer. This increase in Mach
can be signi� cant (M1 D 0:88 at 12.192 km), so that the density� eld
and the resulting optical aberrationmight be expected to get worse.

a)

b)

Fig. 8 Comparison of instantaneous optical wave fronts computed at
12.192-km pressure altitude using the weakly compressible model and
by scaling results at AEDC conditions using Eq. (9): a) 20-cm aper-
ture and b) 5-cm aperture (constant Mach numbers, AEDC station 2,
±i/2 = 8.626 mm).

Fig. 9 Optical wave front aberrations at 12.192km, standard-daycon-
ditions (matched Mach numbers); weakly compressible model: 20-cm
aperture, AEDC station 2, initial ±i/2 = 8.626 mm.
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Fig. 10 Optical wave front aberrations at 12.192 km, standard-day
conditions (matched Mach numbers); weakly compressible model:
5-cm aperture, AEDC station 2, initial ±i/2 = 8.626 mm.

Fig. 11 Effect of altitude on OPDrms (velocity difference � xed) as com-
puted by weakly compressible model (symbols) and using Eq. (8) (lines)
(AEDC station 2, ±i/2 = 8.626 mm).

If the scaling relation of Eq. (8) is applied to this case, the correct
trends are still predicted, but the magnitudes of the aberrations are
indeed underpredicted,as shown in Fig. 11. Because Eq. (8) has no
way to account for the increasingMach that occurs with altitude, it
is no surprise that it underpredicts the additional distortion due to
the Mach increase.

The unsteady Euler equations [Eqs. (6) and (7)] again provide
insight into what further factor is required to compensate for the
underprediction by Eq. (8). If constant Mach numbers are again
assumed (for the moment), the velocity/time scaling of Eqs. (15)
and (16) can be introduced into Eq. (6) to yield
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As demonstratedin theprecedingsection, theEq. (8) scalingworked
effectivelyto scale the physics representedby Eq. (18). For the case
where the velocity difference is held constant, however, the Euler
equation would have a form without the Tnew=Tm factor:
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To remove the in� uenceof this temperature ratio, an altitude scaling
relation might take the form

OPDrmsnew D OPDrmsm .¾new=¾m/.Tm=Tnew/ (20)

As was true for the constant Mach case, no speci� c assumptions
were made on the OPDrms in the derivationof Eq. (20). Therefore, a
similar derivationcouldbe made for scaling the instantaneousOPD,
namely,

OPDnew D OPDm.¾new=¾m/.Tm =Tnew/ (21)

The numericalshear-layermodel was again used to test the scaled
OPD value, this time using Eq. (20). The true wave front distortion
at each altitude condition was again obtained from the weakly com-
pressible index model by changing the input conditions.Unlike the
constant Mach case, however, the velocity � eld and time steps pro-
vided by the DVM were kept the same with altitude, producing the
same velocity difference.Again, total temperatureswere computed
using Eq. (10) with M D M1 and T1 corresponding to pressure alti-
tudes between 4.115 and 12.192 km. The results of the calculations
using the weakly compressible model are compared to the scaling
law of Eq. (20) in Fig. 12. The results for the 12.192-km case are
compared in Table 2. Figure 12 and Table 2 clearly illustrate that
the addition of the temperature ratio to the original scaling relation
[Eq. (8)] does a reasonablejob of predicting this case; however, it is
also clear that the new law is less accurate than that for the constant
Mach matching of Eq. (8).

The large-aperture-approximated estimate of correspondingsys-
tem performance degradations due to these OPDrms are shown in
Fig. 13. SR follows the same altitude trends as the constant Mach
case (cf., Fig. 7) butwith an overall reductionin magnitudeas would
be expected from the higher OPDrms that results when the velocity
differenceis maintained(cf. Fig. 11).As anticipated,Mach increases
translate into larger distortionsand additional performance losses.

The 4% difference between the scaled AEDC OPDs and those
from the weakly compressible model presented in Table 2 can
be traced back to differences in the instantaneous wave fronts.
Figure 14 shows comparisons of individual AEDC wave fronts
scaled to 12.192-kmpressurealtitudeusing Eq. (21) and overlaidon
the correspondingwave front computedusing the weakly compress-
ible model. As was true for the rms wave front distortion, the scaled

Table 2 Scaling of OPDrms from AEDC to 12.192 km, standard day
temperature conditions (AEDC velocity difference maintained),

weakly compressible model results, ±i/2 = 8.626 mm

OPDrms at AEDC AEDC scaled to Numerical
Aperture conditions, 12.192 km solution for Difference,
size, cm ¹m by Eq. (20), ¹m 12.192 km, ¹m %

20 0.4509 0.2105 0.2022 4.091
5 0.2943 0.1374 0.1320 4.063

Fig. 12 Effect of altitude on OPDrms (constant velocity difference) as
computed by weakly compressible model (symbols) and using Eq. (20)
(lines) (AEDC station 2, ±i/2 = 8.626 mm).
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Fig. 13 Effect of altitude on SR for ¸ = 1.315-¹m light (constant ve-
locity difference) as computed by weakly compressible model (symbols)
and using Eq. (20) (lines) (AEDC station 2, ±i/2 = 8.626 mm).

a)

b)

Fig. 14 Comparison of instantaneous optical wave fronts computed at
12.192-km pressure altitude using weakly compressible model and by
scaling results at AEDC conditions using Eq. (21): a) 20-cm aperture
and b) 5-cm aperture (constant velocity difference, AEDC station 2,
±i/2 = 8.626 mm).

Fig. 15 Optical wave front aberrations at 12.192 km, standard-day
conditions (constant velocity difference); weakly compressible model:
20-cm aperture, AEDC station 2, initial ±i/2 = 8.626 mm.

Fig. 16 Optical wave front aberrations at 12.192 km, standard-day
conditions (constant velocity difference); weakly compressible model:
5-cm aperture, AEDC station 2, initial ±i/2 = 8.626 mm.

instantaneous AEDC wave front agrees well with the wave front
computed by the weakly compressible model; in fact, the agree-
ment is nearly as good as it was for the constant Mach case (cf.
Fig. 8).

The effect of altitude on the instantaneous wave front distor-
tion can be shown by comparing the results for the AEDC condi-
tions with those computed at 12.192-km pressure altitude as shown
in Figs. 15 and 16 for the 20- and 5-cm apertures, respectively.
Figures 15 and 16 illustrate similar trends as for the constant Mach
case. The amplitudes of the optical aberrations are slightly higher
for the constant-velocitydifferencecase than they were for the con-
stant Mach case. In contrast to the constantMach case, the temporal
frequencies of the aberrations are unchanged with altitude when
the velocity ratio is held constant because no time-step scaling was
required. Thus, the designer of a wind-tunnel test of an adaptive-
optic correction system might choose the shear-layer velocity ra-
tio to match the � ight velocity ratio rather than the � ight Mach
ratio.

Dynamic Pressure Scaling
The results presented in the preceding two sections can also be

used to evaluate the scaling law suggested by Gilbert following
a series of KC-135 � ight tests.25 During the tests, a fast-shearing
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Fig. 17 Effect of dynamicpressure q 1 on OPDrms; KC-135 data taken
from Ref. 25; DVM/weakly compressible model data from AEDC sta-
tion 2, ±i/2 = 8.626 mm simulation.

interferometerwas used to measuredistortionsoptically.In addition,
OPDrms was inferred from hot-wire and laser Doppler velocimeter
(LDV) measurementsmade on the same � ights. Data were obtained
for three different test con� gurations. For the � rst con� guration,
the distortions were created by the aircraft’s (»30 cm thick) tur-
bulent boundary layer. In the second two con� gurations, upstream,
48% porous fences were used to create turbulent shear layers. The
near fence Fs was mounted 8 cm upstream of the optical axis; the
second fence Fm was located 80 cm upstream. In comparing phase
variances at different � ight conditions, Gilbert noted that optical
aberrations appeared to increase with increasing dynamic pressure
q1. To investigate,he normalized the hot-wire/LDV-inferred phase
variances for each con� guration by the maximum obtained for that
test con� guration, that is,

¾ 2¤ ´ ¾ 2
8

¯¡
¾ 2

8

¢
max

(22)

The value of .¾ 2
8/max also corresponded to the maximum q1 ob-

tained during the tests, q1 D 19:25 kPa (Ref. 25). Gilbert’s hot-
wire/LDV results are shown with his expected (linear) trend (¾ 2¤ D
0:0493q1=kPa) in Fig. 17. Also shown in Fig. 17 are the DVM/
weakly compressible model estimates of ¾ 2¤ for both the constant-
Mach and constant-velocity-difference cases. Because the � ight
conditionsexaminedin the presentstudy reacheddynamicpressures
signi� cantly larger than those of Gilbert’s test, OPDrms was normal-
ized for each case using the appropriateOPDrms forq1 ¼ 19:25 kPa;
hence, ¾ 2¤ > 1 for several of the points from the DVM/weakly com-
pressiblemodel.The normalizedweaklycompressiblemodel results
show Gilbert’s expected trend, falling well within the scatter of his
normalized � ight-test data.

That theweaklycompressibledatascaleswith q1 is not surprising
becausetheunsteadyEuler equation[Eq. (6)] states that the pressure
gradient varies with a density term multiplied by the convective
velocity terms (which might be expected to vary as »U 2

1 ). As was
shown,OPDrms scaled linearlywith density,so thatonemight expect
a linear relation between OPDrms and q1 . For Gilbert’s data, such
a scaling would be quadratic in q1 because ¾ 2¤ is the normalized
square of OPDrms . A better � t of the data, based on the DVM data
and the origin, is given by

¾ 2¤ D 0:002222.q1=kPa/2 C 0:09563 (23)

and is also shownin Fig. 17.This relationessentiallysplits the differ-
ences between the constant Mach and constant-velocitydifference
cases. It has the expected quadratic shape, but still has signi� cant
uncertainty as shown by the scatter in the data of Fig. 17. [Clearly,
Eq. (23) cannot hold near q1 D 0 because no distortionwould exist
at this condition.] An unexpected result is that Gilbert’s turbulent
boundary-layer data (given by the stars in Fig. 17) also follow this

relation, that is, within the same scatter range as the shear-layer
aberrations. The good overall agreement between the weakly com-
pressible model results and Gilbert’s � ight-test data strengthens the
argument that the weakly compressible model contains the correct
mechanisms to explain the aerooptic aberration phenomenon.

Conclusions
The purpose of this study was to develop scaling relations for

determining how aerooptical-distortion data obtained for a shear
layerat oneset of conditionscanbe scaled to anyotheraltitude,static
temperature, or Mach number condition. The weakly compressible
model, developed in Refs. 10 and 11 and validated at the single test
condition corresponding to the data of Ref. 8, provided a means
of testing the validity of candidate scaling relations. These weakly
compressible model results were taken as the true results.

Aerooptical distortions were found to scale with a simple den-
sity ratio [Eq. (8)] for cases when the Mach numbers of the two
constituent � ows were unchanged. As a consequence of this, dis-
tortion amplitudes decreased with increasing altitude, causing an
increase in SR. Altitude variation changed the instantaneous am-
plitude of the distortion but not its spatial scales/shapes. The tem-
poral frequencies of the distortion were also reduced (through a
rescaled time step) due to the reduction in the constituent � ow ve-
locities requiredto maintainconstantMach with increasingaltitude.
This suggests that the correction rate required by an adaptive-optic
system would reduce by »10% as altitude increased from 4.115
to 12.192 km.

An additional temperature ratio factor was required to scale
aeroopticaldata collected at one altitude to another for cases where
the velocity difference of the constituent � ows was held con-
stant [Eq. (20)]. Distortion variation with altitude followed the
same trends as for the constant Mach cases; however, distortion
amplitudes were larger for the constant-velocity difference cases
due to the increase in Mach numbers that accompanies the reduc-
tion in the sonic speed with increasing altitude. In this case, wave
front temporal frequencies were unaffected by changes in altitude.

The OPDrms data for the weakly compressible model at differ-
ent altitude conditions were compared to free shear-layer (fence)
and turbulent boundary-layer data obtained in actual � ight tests
by Gilbert.25 Incredibly, the weakly compressible model data
agreed with Gilbert’s data to within the experimentalmeasurement
uncertainty.
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